Abstract. We show that for an n dimensional complete non Ricci flat gradient steady Ricci soliton with potential function f bounded above by a constant and curvature tensor Rm satisfying lim r→∞ r|Rm| < 1 5 , then |Rm| ≤ Ce −r for some constant C > 0, improving a result of [36] . For any four dimensional complete non Ricci flat gradient steady Ricci soliton with scalar curvature S → 0 as r → ∞, we prove that |Rm| ≤ cS for some constant c > 0, improving an estimate in [11] . As an application, we show that for a four dimensional complete non Ricci flat gradient steady Ricci soliton, |Rm| decays exponentially provided that lim r→∞ rS is sufficiently small and f is bounded above by a constant.
Introduction
The notion of Ricci solitons was first introduced by Hamilton in [29] . Let (M n , g) be an n dimensional Riemannian manifold and X be a smooth vector field on M, the triple (M, g, X) is said to be a Ricci soliton if there is a constant λ such that the following equation is satisfied
where Ric and L X denote the Ricci curvature and Lie derivative with respect to X respectively. A Ricci soliton is called shrinking (steady, expanding) if λ > 0(= 0, < 0). It is said to be gradient if X can be chosen such that X = ∇f for some smooth function f on M. The soliton is called complete if (M, g) is complete as a Riemannian manifold. Ricci flow was introduced by Hamilton in his seminal work [28] and deforms the metric in the direction of its Ricci curvature: (2) ∂g(t) ∂t = −2Ric(g(t)).
Since then, it has been one of the most important flows in geometric analysis. Due to its nonlinear nature, the flow may develop different types of singularities. A gradient Ricci soliton, as a self similar solution to the Ricci flow, often arises as a rescaled limit of the flow near its singularities. The study of Ricci soliton is therefore crucial for understanding the singularity formation of the Ricci flow [30] . Indeed, it played a significant role in the resolution of Poincare's conjecture by Perelman [40] , [41] and [42] . Please consult the excellent survey paper [9] by Cao for more details in this direction. Ricci soliton can also be viewed as a generalization of the Einstein metric Ric = λg. Bakry and Emery first introduced the Bakry Emery Ricci curvature Ric f := Ric + ∇ 2 f in [1] . The Bakry Emery curvature is closely related to the diffusion processes, logarithmic Sobolev inequalities and isoperimetric inequalities (see [35] , [12] and [44] ). Since L ∇f g = 2∇ 2 f , the gradient Ricci solitons equation (1) can be rewritten as (3) Ric f = Ric + ∇ 2 f = λg, which is a natural extension of the Einstein metric.
Recently, there has been lots of researches concerning the curvature estimate of gradient Ricci soliton, for example, [19] , [39] , [37] , [11] , [21] , [38] , [36] , [26] , [32] , [15] , [31] and [17] . Chow-Freedman-Shin-Zhang [17] showed that any four dimensional complete gradient steady Ricci soliton arising as a blow up limit of finite time singularity of Ricci flow on closed manifold must have bounded curvature. For any four dimensional complete gradient shrinking Ricci soliton arising from similar way, they proved that the Riemann curvature Rm of such shrinking Ricci soliton has at most quadratic growth. In [36] , Munteanu-SungWang studied the solvability of weighted Poisson equation for certain class of smooth metric measure space. As an application, they proved the following: Theorem 1. [36] Let (M n , g, f ) be an n dimensional complete non Ricci flat gradient steady Ricci soliton with n ≥ 2. Suppose the potential function f is bounded above by a constant and lim r→∞ r|Rm| = 0, then there exists a positive constant C such that (4) |Rm|(x) ≤ C(1 + r(x)) 3(n+1) e −r(x) , where r = r(x) is the distance of x from a fixed point p 0 ∈ M.
It is not known whether the decay rate on the right hand side of (4) is sharp or not. In this paper, we shall sharpen the upper bound under a weaker curvature decay condition. Instead of applying the Green's function estimate in [36] , we adopt the method based on the maximum principle introduced by Deruelle [26] in order to study the curvature properties of expanding gradient Ricci solitons. Here is the main result of the paper:
be an n dimensional complete non Ricci flat gradient steady Ricci soliton with n ≥ 2. Suppose the potential function f is bounded above by a constant and the curvature tensor Rm satisfies lim sup r→∞ r|Rm| < 1 5 . Then there exists a positive constant
where r = r(x) is the distance of x from a fixed point p 0 ∈ M.
Remark 1. The decay rate is sharp on Σ × T n−2 , where Σ and T n−2 denote the Hamilton's cigar soliton and n − 2 dimensional flat torus respectively (see Example 2 in Section 2).
Remark 2. The constant 1 5 in Theorem 2 is technical. For the n dimen-
(see [4] and [5] ).
It is unclear at this point whether the constant 1 5 is optimal.
Remark 3. In view of Lemma 2, the conclusion (5) is still true under a seemingly weaker condition on f , namely, lim r→∞ r −1 f < 1, for the sake of simplicity, we state the theorem in the above way. Ric ≥ 0 and S → 0 at infinity are sufficient for f to be bounded above by a constant (see [12] ).
Remark 4. The quantity r|Rm| is not scaling invariant, we are using the scaling convention such that (14) holds (see Section 2).
In view of Theorem 1 and 2, one possible conjecture concerning the curvature decay of gradient steady Ricci soliton is that, the decay rate is either linear or exponential. It would be very useful for the classification of steady soliton if one can establish this dichotomy. There are a number of classification results under certain curvature decay conditions. For exponential curvature decay, Deng-Zhu [24] generalized a result of [36] and showed that any non-flat complete gradient steady Ricci soliton with non-negative sectional curvature is a quotient of R n−2 × Σ if rS is small near infinity, where Σ and S denote the cigar soliton and scalar curvature respectively (see also [25] and [13] ). For linear curvature decay, Brendle [4] solved a conjecture of Perelman [40] and proved that any three dimensional non-flat and non-collapsed gradient steady Ricci soliton is the Bryant soliton. Deng-Zhu [22] , [24] improved the result of Brendle [4] and proved that any non-flat three dimensional gradient steady soliton with linear curvature decay is the Bryant soliton. See [5] and [23] for more classification results of higher dimensional steady Ricci soliton with curvature decay conditions. It is also worth mentioning that very lately Brendle [6] confirmed a conjecture by Perelman [40] and showed that any three dimensional complete non-compact, non-collapsed ancient solution to the Ricci flow with bounded positive sectional curvature is eternal and isometric to the Bryant soliton (see also [33] , [2] and [7] ).
The second part of the paper is devoted to the estimate in dimension four. Munteanu-Wang [37] proved that a complete four dimensional gradient shrinking Ricci soliton must have bounded Riemann curvature Rm if its scalar curvature S is bounded (see [11] for the estimate of steady soliton by Cao-Cui). Furthermore, |Rm| is controlled by S pointwise, more precisely, there exists a constant c > 0 such that (6) |Rm| ≤ cS on M.
In dimension three, (6) is a direct consequence of the Hamilton-Ivey estimate which implies that three dimensional complete gradient shrinking and steady Ricci solitons have non-negative sectional curvature ( [34] , [30] and [14] ). However in dimension four, the sectional curvature of shrinking and steady Ricci solitons may change sign (see [9] ). Recently, Conlon-Deruelle-Sun [20] classified all non-flat gradient Kähler shrinking Ricci soliton of complex dimension two with lim r→∞ S = 0 and showed that it is isometric to the Feldman-Ilmanen-Knopf shrinking Ricci soliton [27] (see [20] for more results on gradient Kähler shrinking and expanding Ricci solitons).
One special feature observed by Munteanu-Wang [37] is that in four dimensional gradient Ricci soliton, the Riemann curvature Rm can be bounded by Ric and ∇Ric:
for some universal positive constant A 0 . Please see Lemma 1 for the precise statement and proof of (7). We will show that estimate (6) is also true for four dimensional nontrivial gradient steady Ricci soliton with scalar curvature S → 0 as r → ∞. Under the additional assumption that S has at most polynomial decay, Cao-Cui [11] proved that for any a ∈ (0, 1 2 ), there is a positive constant C such that |Rm| ≤ CS a .
Here is another main result of this paper: 
As an application, we show that the Riemann curvature Rm of a four dimensional complete nontrivial gradient steady Ricci soliton decays exponentially if the potential f is bounded from above and lim r→∞ rS is sufficiently small. , where A 0 is the constant in (7). Then there is a constant C > 0 such that
The paper is organized as follows. In Section 2, we introduce the basic preliminaries and notations needed in the subsequent sections. In Section 3, we provide estimates for the growth of the potential function. Theorem 2 will then be proved in Section 4. In Section 5, we will show Theorem 3 and 4.
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preliminaries and notations
Let (M n , g) be a connected smooth n dimensional Riemannian manifold and f be a smooth function on M. (M n , g, f ) is said to be a gradient steady Ricci soliton with potential function f if (9) Ric + ∇ 2 f = 0.
(M, g) is assumed to be complete as a Riemannian manifold throughout this paper. Ricci soliton is related to the self similar solution to the Ricci flow (solution which evolves by time dependent scaling and reparametrization of a fixed metric, see [16] ). We consider the flow of the vector field ∇f and denote it by φ t , φ 0 is the identity map. By a result of Zhang [45] , φ t exists for all time t ∈ R. Let g(t) := φ * t g, then g(t) is a solution to the Ricci flow with initial data g(0) = g.
We use S to denote the scalar curvature of the Riemannian manifold. For any smooth function ω, the weighted Laplacian with respect to ω is defined to be the operator ∆ ω := ∆ − ∇ ∇ω . Fix a particular point p 0 ∈ M, for any x ∈ M, we denote the distance of x from p 0 by r = r(x) = d(x, p 0 ). The following equations are known for gradient steady Ricci soliton (see [16] or [43] for derivation of these formulas): (10) S + ∆f = 0,
∆ f S = −2|Ric| 2 and
It was proved by Hamilton [30] that S + |∇f | 2 = C for some constant C. When the metric is not Ricci flat, S and hence C are positive on M (see the discussion after (18)). We can normalize C by scaling the metric and get: (14) S + |∇f | 2 = 1 and
We define a function v in the following way:
From (14) and (15), we have (17) ∆ f v = 1 and
Chen [14] showed that any complete ancient solution to the Ricci flow must have non-negative scalar curvature. As a result, the scalar curvature S of a complete gradient steady Ricci soliton is non-negative (see also [45] ). Moreover by strong minimum principle, S = 0 somewhere if and only if the steady soliton is Ricci flat. It is also known that any compact steady Ricci soliton must be Ricci flat (see [16] ). Hence any complete non Ricci flat gradient steady Ricci soliton must be non-compact and have positive scalar curvature. We give several well known examples of steady Ricci solitons:
Example 1. Ricci flat manifolds or product of any two steady Ricci solitons.
Example 2. [29] , [16] Hamilton's cigar soliton Σ: Hamilton constructed a two dimensional complete gradient steady soliton on R 2 . It is rotationally symmetric with positive sectional curvature. In the standard coordinate of R 2 , its metric can be written as follows (see [9] )
The potential function f is given by f (x, y) = − log(1 + x 2 + y 2 ). The scalar curvature S decays like e −r as r → ∞. For more examples of steady Ricci solitons, see [9] . We will give a proof of (7). The following lemma is due to Munteanu-Wang [37] and stated in a slightly different form in [37] and [11] . For the sake of completeness, we sketch the proof here.
be a four dimensional gradient Ricci soliton. There exists a universal positive constant A 0 such that if ∇f = 0 at q ∈ M, then at q
Proof. This proof was presented by Munteanu during one of his talks on [37] . Whenever ∇f = 0, we consider an orthonormal frame
with e 4 = ∇f |∇f |
. For any gradient Ricci soliton, by Ricci identity and (3)
Since the dimension is four, we have by direct computation,
From the above identity, we see that Lemma 1 holds.
Estimates on the potential function f
We first provide some equivalent criteria for the properness of the potential function f which will be used in later sections. Please see [12] and [10] for more results on linear growth of f . Lemma 2. Let (M n , g, f ) be an n dimensional complete non Ricci flat steady gradient Ricci soliton with scalar curvature S → 0 as r → ∞. Then the following are equivalent:
Remark 5. By (14), we always have
The upper bound of −f follows from (14) . We now consider the lower bound. Since the scalar curvature S decays at infinity, for any α ∈ (0, 1) there exists a compact subset K of M such that
We consider the flow of the vector field ∇f |∇f | 2 and denote it by ψ t , ψ 0 is the identity map. Let q ∈ M \ K and for small non-negative t,
By short time existence of ordinary differential equation, ψ t (q) exists as long as it is in M \ K. Therefore we can define T as follows
Since K is compact, T is positive. We claim that T is finite. We first assume the claim and prove the lemma. Under T < ∞, we know that ψ T (q) exists and lies in K, and by (20)
The above inequality also holds for q ∈ K. Thus we showed (iii) is true. It remains to justify the claim, i.e. T < ∞. We argue by contradiction, suppose T = ∞. By (20) and (14), for all t ∈ [0, ∞),
We have for all t ≥ 0
We shall write d(q, p 0 ) as r(q), r(ψ t (q)) as r t , where p 0 is a fixed reference point. By triangular inequality and (14),
Hence by (22) 
We also used (23) in the last inequality. Dividing the inequality by r t , we deduce that t f (ψ t (q)) which contradicts with (i). We conclude that T < ∞ and finish the proof.
We next show that f + r is bounded from above and below provided that f is proper and scalar curvature S decays sufficiently fast. Proof. The upper bound of −f again follows from (14) . For the lower bound, there is a small t 0 such that on {f ≤ t 0 },
Let z ∈ {f < t 0 } and t := f (z). We again denote the flow of the vector field ∇f |∇f | 2 by ψ s , ψ 0 is the identity map. By short time existence of ordinary differential equation, ψ s (z) exists as long as it is in {f ≤ t 0 }. The following are true:
From the above inequality and f (ψ t 0 −t (z)) = t 0 , we have
where K := {f ≥ t 0 } is a compact set. Result follows.
Proof of theorem 2
Motivated by the study of certain weighted elliptic equation and the choice of barrier functions by Deruelle [26] and Munteanu-Sung-Wang [36] , we estimate the decay rate of subsolution u of ∆ f u ≥ −Au 2 , where A ≥ 0 is a constant. (17) and (26) ∆
Hence we get the following inequality
By (14) and ( Using lim r→∞ v = ∞, we have
Direct computation also yields
Using (18) and lim
We see that near infinity
Hence v 3α e −v is superharmonic with respect to ∆ f +2α ln v . To proceed, we choose a large R 0 such that on M \ B R 0 (p 0 ), v > 1, (29) ∆ f +2α ln v (v α u) ≥ 0 and
Pick a large b > 0 such that on By the maximum principle, we know that Q ≤ 0 on M \ B R 0 (p 0 ). Result follows.
With the preliminary estimate in Lemma 4, we are able to remove the quadratic factor v 2 in (27) and thus improve the decay estimate of u. Proposition 1. Let (M n , g, f ) be an n dimensional non Ricci flat complete steady gradient Ricci soliton. Suppose that lim r→∞ f = −∞ and u is a non-negative subsolution of the following differential inequality
where A is a non-negative constant. If in addition lim r→∞ ru =: B < ∞ and AB < 1, then u satisfies
for some positive constant C, where v := −f .
Remark 6. By considering v + σ for some large σ, one can show by similar arguments that both Lemma 4 and Proposition 1 are still true if the condition lim r→∞ f = −∞ is replaced by the boundedness of f from above by a constant.
Remark 7. The condition AB < 1 may look artificial but is critical indeed. In three dimensional Bryant steady soliton, S 2 ≥ 2|Ric| 2 since the sectional curvature is non-negative (see [36] ). Hence the scalar curvature S ≥ 0 satisfies
However, lim r→∞ rS = lim r→∞ −r −1 f = 1 (see [4] ). AB = 1 and S doesn't decay exponentially.
For non-trivial gradient steady soliton with Ric ≥ 0 and lim r→∞ S = 0, we know that S 2 ≥ |Ric| 2 and lim r→∞ f = −∞ (see [12] ). We have an immediate consequence of Proposition 1 and Lemma 3:
be an n dimensional complete non Ricci flat gradient steady Ricci soliton with Ric ≥ 0. Suppose that lim r→∞ rS < 1 2
, then there exists a constant C > 0 such that
Proof of Proposition 1. Firstly, we prove that ue −v −1 is subharmonic with respect to the operator ∆ f −2v −1 near infinity.
By Lemma 4, v 2 u → 0 as r → ∞. Therefore it is not difficult to see
Secondly, we want to show that e −v e −4v −1 is superharmonic with respect to the operator ∆ f −2v −1 near infinity. Using (28) in Lemma 4
By lim r→∞ v = ∞, outside a compact subset of M,
We showed that e −v e −4v −1 is superharmonic with respect to ∆ f −2v −1 near infinity.
To finish the proof, we choose a large
Let b > 0 be a large number such that on ∂B R 0 (p 0 ) (36)
Obviously, we have lim r→∞ Q = 0. Moreover by (34) and (35)
By the maximum principle, Q ≤ 0 on M \ B R 0 (p 0 ) which implies that
Choosing a larger b if necessary, the above inequality holds globally on M.
We are about to prove the main theorem. For the convenience of reader, we repeat the main theorem here:
Theorem. Let (M, g, f ) be an n dimensional non Ricci flat complete steady gradient Ricci soliton with n ≥ 2. Suppose the potential function f is bounded from above by a constant and lim r→∞ r|Rm| < 1 5 . Then there exists a positive constant C such that (37) |Rm|(x) ≤ Ce −r(x) on M.
Proof. The potential function f is bounded above by a constant and |Rm| → 0 as r → ∞, hence by Lemma 2, lim r→∞ f = −∞ (one may also apply the inequality S ≥ Ce f in [36] ). From the evolution equation of Rm of a solution to the Ricci flow ( [18] c.f. P.119 Lemma 2.51 ), we have in any orthonormal frame,
By first Bianchi identity, R cpdq − R dpcq = R cdpq and
Therefore we have
We conclude that
The equation for ∆ f Rm becomes
The above formula can also be derived using the evolution equation in [3] . Using Kato's inequality and 2|Rm|∆ f |Rm| + 2|∇|Rm|| 2 = 2|∇Rm| 2 + 2 Rm, ∆ f Rm , we see that
holds in the weak sense and on the set of points where |Rm| is non-zero. The soliton is not Ricci flat and S > 0, we may take u = |Rm| > 0. By Proposition 1 and lim
which implies that S ≤ Ce f . We apply Lemma 3 and conclude that |Rm| ≤ Ce −r+c 0 on M.
Proofs of theorem 3 and 4
We recall the following estimate for the Ricci curvature of four dimensional gradient steady Ricci soliton by Cao-Cui [11] : ), there exists a positive constant C such that
We first prove a slightly better estimate for the Ricci curvature. 
Remark 8. The constant A 1 depends on A 0 in (19) and sup
Proof. We claim that for some large
where A 0 is the universal constant in (19) . We first assume the claim and prove the lemma. There exists a large constant C > 0 such that the following inequalities are true (43) and (12),
By Theorem 5, we have lim 
Using Kato's inequality, we have
We can further simplify the inequality for |Ric| 2 ,
Hence by (44) Using the above two inequalities, we have
We are done with the proof of the lemma.
We can apply the Ricci curvature estimate to bound the curvature tensor Rm. To prepare for the proof, we start with the following computational lemma. 
where c is a positive constant depending only on A 0 and A 1 in (19) and (40) respectively.
Proof.
By (12)
By Kato's inequality,
By Lemma 5 and (11), |∇S| = 2|Ric(∇f )| ≤ 2|Ric||∇f | ≤ 2A 1 S, where A 1 is the constant in (40) . We now consider a large R 0 > 0 such that on M \ B R 0 (p 0 ), |Ric| ≤ 1 and |∇f | ≥ . Hence by (45) 
We apply the inequality 2 Remark 10. No assumption on the potential function f is made in the above theorem. In particular, f is not known to be proper in this setting. To construct a cut off function for the maximum principle argument, we use the distance function r together with an appropriate Laplacian comparison theorem in [44] .
Proof. The argument is essentially due to Munteanu-Wang [37] and Cao-Cui [11] . We know that by (38) ∆ f |Rm| ≥ −5|Rm| 2 .
We apply Lemma 6 and take λ = 192A
where c only depends on A 0 and A 1 . Let W := S −1 |Rm|+λS −2 |Ric| 2 and G := φ 2 W , where φ is a non-negative cut off function. By (49), on the set where φ is positive,
By Lemma 5 and (11), |∇S| = |2Ric(∇f )| ≤ 2A 1 S, we deduce that From this we see that there exists a positive constant C depending only on A 0 and A 1 such that
Result then follows by letting R → ∞.
The constant c in Theorem 3 may depend on the local geometry of (M, g) and provide no information on the size of r|Rm| near infinity if one simply assumes lim r→∞ rS is small. To prove Theorem 4 by Theorem 2 and 3, we look for a universal positive constant in front of the scalar curvature S and then estimate the size of lim r→∞ r|Rm|. To have a better control on lim r→∞ r|Rm|, we need to refine our previous estimate on the Ricci curvature: .
Then there is a constant C > 0 such that |Rm| ≤ Ce −r on M.
Proof. Since S → 0 as r → ∞ and f is bounded from above, we know by Lemma 2 that f → −∞ as r → ∞. By Proposition 2, Shi's estimate (56) and Lemma 1, Hence by Theorem 2, |Rm| decays exponentially.
